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tive value of v, in that event the quadratic equation
ibs = A,- + B4v + C iV1 (12)

and
Bj =

is used to estimate a crossover value of v. The coefficients
Aj, BJ and C/ of Eq. (12) are computed for a curve which
passes through point B of Fig. 1 and has the same first
and second derivatives (d\[/°/dv and d2\l/°/dv2) at that
point. The quadratic curve does not necessarily go
through the origin or the point A. The coefficients of Eq.
(12) may be expressed in the forms

2Cj = d^ipf/dv2 (13)

*/dv - 2Cy0) (14)

Aj = .̂° - BJVQ - C>0
2" (15)

The zero roots of Eq. (12) may be found by substituting
Cy, BJ, and Aj from Eqs. (13-15) into Eq. (11). If the
roots for a given mode are not real and positive, then the
curve fit for that mode fails.

Examples
Data for Eq. (1) was generated for the cantilevered box

beam of Ref. 3 where the design parameters were those
listed in Table I of that reference. The number of general-
ized coordinates was six. Computations were carried out
on an IBM 360 model 50 machine.

A digital computer program was written which imple-
mented the flutter velocity solution method described in
Sec. 2. For the previously mentioned box beam an ini-
tial value of i/o = 1 was assumed and the program found a
flutter velocity of 869.8 fps at v = 10.15, for a tolerance e
equal to 0.05. The computations of the flutter velocity were
repeated for values of i/o = 2, 3, . . . , 20. In each case the pro-
gram converged to a flutter velocity between 868.2 and
870.5 for values of v between 10.12 and 10.16. The time for
the 20 flutter velocity calculations was 210.83 sec, or an
average of 10.54 sec/flutter velocity analysis. For initial
values of VQ equal to 8 and 9 the algorithm converged to
an answer on the first attempt; the required time was 3.91
sec for each flutter velocity analysis. The critical mode
was 2.

The flutter velocity analyses were repeated for design
parameters of the box beam equal to % of the values cited
in Table I of Ref. 3. The results of the flutter velocity
analyses were similar to those described in the preceding
paragraph.

The method was employed in the optimum design of
the same box beam with six degrees of freedom and
twelve design parameters of Ref. 3. e was 0.05 and the
total computer run time for arriving at approximately the
same relative optimum design parameters of the second
example of Ref. 5 was 8 min 0.00 sec. The program did
not experience any convergence problems. The previous
run time reported in Ref. 5 was 9 minutes 42.68 sec.

Discussion
For the first examples presented here the flutter veloci-

ty analysis program always converged to an answer for ini-
tial values of VQ chosen between 1 and 20 and did not show
any tendency to diverge from the solution, although the
curves for %2 and xa crossed at v equal to 8.71 where the
subscripts of 1^2 and \[/$ switched. In the second example
subscript switching did not occur for the critical mode;
however, in the optimization program subscript switching
occurred during several of the redesign cycles, without any
noticeable effect on the efficiency or accuracy of the pro-
gram.

The method for finding the flutter velocity which was
presented here should be applicable to any aeroelastic
flutter theory. The procedure is simple in concept and was
trouble free for the examples cited.

Appendix
Equations for the first and second partial derivatives of

the eigenvalues with respect to the design parameters
were derived by Rudisill and Bhatia.5 The first and sec-
ond total derivatives of the eigenvalues with respect to the
reduced frequency may be found by substituting deriva-
tives with respect to the reduced frequency for derivatives
with respect to the design parameters in Eqs. (15-19) of
Ref. 5, then

dk dk J (1A)

where VjT[K - A/M + A)] = 0 and

T2d\.dA

(2A)

where the lengths of Uj and V} are such that UfUj = 1
and V7(M + A) £/, = !.

Derivatives of \j may be found from the relations

and
dk A,2 dk (3A)

(4A)
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Pumping Capacity of Venturi Exhausts

Jacques A. F. Hill* and Philip 0. Jarvinent
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Introduction
THE performance of a ram air operated airborne combus-
tion unit or aircraft heater is determined largely by the
amount of air which may be forced through the combus-
tor-duct system by the differential air pressure. Venturi
exhausts may be used to provide additional pressure drop
across the system but may be required to pump gases
with densities that differ from the pumping gas. This Note
discusses experimental data on the variation of venturi
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suction pressure with pumped gas flow rate, on the opti-
mum location of the pumping orifice in the venturi and on
the effect of varying the density of the pumped fluid by
using both air and helium gases.

Test Description

The test venturi Fig. 1, ordinarily used for driving
gyroscopic flight instruments, has an exit to throat area
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ratio of A ex/A* = 2.8 and a throat diameter of 1.63 in.
Longitudinal slots were cut as shown to open up about
half the perimeter at the throat. These slots extended a
constant width both upstream and downstream of the
venturi throat. The actual circumferential suction orifice
was formed by blocking off all but a short length of the
longitudinal slots with tape. The venturi was housed in a
tube which formed a plenum for the suction orifice. The
pumping connection was through a hose which fitted over
a pipe as shown. Outside the wind-tunnel, this hose was
connected to another section of pipe containing a valve
and flow-metering orifice. The orifice was constructed ac-
cording to Ref. 1 and has an orifice diameter of 1.48 in.,
an orifice diameter d to pipe diameter D ratio of 0.60 and
I D and 1/2 D pressure connections. The orifice flow coef-
ficient K for air and helium flows was in the range 0.66-
0.67 and 0.67-0.69, respectively. Pressures were measured
at the venturi throat, in the plenum and across the orifice.
Provision was made to connect the intake pipe through a
pressure-reducing orifice to a pair of helium tanks, mani-
folded together. The use of helium as the pumped gas pro-
vided a density ratio of about 7 with respect to the wind-
tunnel stream. The experiment was performed in the MIT
Wright Brothers Wind Tunnel at 100 mph.

Experimental Data

The pumping characteristics of the venturi are shown in
Fig. 2 in nondimensional form. The pumped flow is given
in terms of a volume flow coefficient.

CQ = Q/i/ooA*

where

Q = the volumetric flow rate
u oo = the speed of the airstream
A* = the cross-sectional area of the venturi throat
The pressures are given in terms of standard pressure
coefficients

CP = (p-pcJ/gco
where
p = the measured pressure in the plenum
Poo = the static pressure in the wind tunnel
qm- = the dynamic pressure (p um

2/2) in the wind tunnel
The reduced data is shown for four longitudinal locations
of the suction orifice with the circumferental slot //D* =
0.62 diameters long. For two configurations (X/D* - 1.25
and 1.88), the air and helium data are shown together and
are seen to be in agreement for a given configuration. The
pressure coefficient at the venturi throat without injected
flow was measured to be Cp = -3.3.

A cross plot of all the data taken with a suction slot
0.62 diameters long is shown in Fig. 3 and illustrates the
variation of the pressure coefficient with slot location for
three values of the volume flow coefficient, CQ. The opti-
mum location is seen to vary from one diameter to 1.5 di-
ameters downstream of the throat as CQ increases from
0.1 to 0.20.

Configurations with narrower slots and with asymmetric
injection were tested and showed poorer performance than
the basic slot configuration.

pressure corresponding to Cp = —1 (pressure drop seen by
the system essentially doubled) is achieved if the pumped
volume is limited to 15% of the reference flow through the
venturi throat.

Reference
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The Dynamics of Blade Pitch Control

Maurice I. Young*
The University of Delaware, Newark, Del.

Nomenclature

C = chord of blade, ft
CM = steady aerodynamic moment coefficient
n = subscript identifying nth blade
0 = subscript indicating initial state
r = spanwise position along blade, ft
S = subsidiary variable of the Laplace transformation,

rad/sec
t — time, sec
x,y,z = rotating Cartesian coordinates, blade principal inertia

axes
Dx - unsteady aerodynamic damping coefficient in pitch,

ft-lb-sec/rad
Ix,Iy,Iz — blade principal mass moments of inertia, slug-ft2

K = gain constant of actuator, Ib
Kx = virtual spring constant of centrifugal force field in pitch,

ft-lb-sec2/rad2

MXA - aerodynamic pitching moment, ft-lb
MXM - mechanical pitching moment, ft-lb
N = number of blades
R = blade span, radius of rotor, ft
V = axial velocity in propeller-rotor state, ft/sec
Y = actuator reference input, ft
a = blade geometric pitch angle, rad
X = aerodynamic inflow ratio, ratio of axial inflow velocity

to blade rotational tip speed
p = density of air, slug/ft3

r - actuator time constant, sec
\[/ = blade azimuth angle, rad
a)x,w;y,«z = angular velocity components in blade rotating, principal

coordinate system, rad/sec
17 = steady angular velocity of rotor, rad/sec
1,2 = subscripts referring to longitudinal and lateral control
_ directions
( ) = average value of ( ), Laplace transform of ( )

= differentiation with respect to time
= differentiation with respect to azimuth

Introduction

ADVANCED rotorcraft such as the modern helicopter and
convertible aircraft utilizing tiltable propeller-rotors fre-
quently employ stability augmentation and gust allevia-
tion devices which require that the pitch settings of the
rotor blades be changed both collectively and cyclically in

Conclusions

These tests show that the pumping characteristics of a
venturi are invariant with respect to the density of the
pumped fluid if the pumping rate is expressed in volumet-
ric terms, the optimum location of a circumferential ori-
fice is of the order of one diameter downstream of the
throat and varies with the design flow rate, and a suction-
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